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FIELD HARMONICS: MAXWELL

EQUATIONS

o Maxwell equations for magnetic field

' !B, IB !
Y4 Y417z =0 #"B:,uOJ+,uO$E,—E
I x ly | z I't

#"B=

o' In absence of charge and magnetized material
(inside a magnet)

VxBeo aBy _ aBZ ’ aBZ 3 aBX ’ aBX B aBy _0 JameséZCIi;ESMhaxwell,
0z dy oX 0z oy 0X (13 June 1831 B 5 November 187¢

|
o If “22=0 (constant longitudinal field), then

4 !Bx+!By_0 !BX..!By_

Ix 1y ly IX

o Remember:x and y perpendicular to the beam (transverse coordinates), z

along the beam (sin previous unit)
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COMPLEX NUMBERS Is{g
QiVA)

o Complex numbers are defined to be able to find a solution
to the square root of negative numbers

o This is an extension of real numbers

o The advantage is that every equation of nt degree hasn solutions in
the complex domain

o The trick is to define i=!(-1)
o A complex number has two components z=atib
ot Can be written also in the exponential form z=p exp(i6)

o 1= !( a2+b2) st
Sa b "
+ P —at+
= - —— Z=atl
o A k=
> z=p exp(i6) 2
& £ a
2| 9 5
S Real part
Real part |
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FIELD HARMONICS: ANALYTIC IS”[S
S I

FUNCTIONS

o A complex function of complex variables is analytic if it
coincides with its power series

f(@=1 CZ%  fxy+if,(xy)=1 C (x+iy)™ (x,y)! D

=1 n=1
on a domain D !
ot Note: not every combination of f,+if, is analytic !

o' Note: domains are usually a painful part, we talk about it later

o A necessary and sufficient condition for (f,, f) to have f,+if,
analytic is that
$0/f’x &%y

o oy
#
!%x_l_%y_

Loy O

Augustin Louis Cauchy

called the Cauchy-Riemann conditions French
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and therefore the function B, +iB, is analytic

" n'l
B,(x,Y) +iB,(x,y) =# C,(x+iy)  (x,y)! D
i Georg Friedrich Bernhard Riemann,
where C_ are complex coefficients (Novermber 17, 1826 - July 20, 1866

Please note the analytic function is notB,+iB, but B +iB, E in other books you can
find B,-IB, , it is the same
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o To describe the magnetic field we associate to each point of
the space a vector

o For instance to store in a computer we need to create a matrix (grid in
the space) and for every point of the grid we store two numbers

y A
(Bx(X0:Y0):By(X0:Y0))
T [—
| >
Xq X

ot Thanks to the multipole expansion, we just need a series of complex
coefficient

ot A matematician would say Owe reduce the description of a function
from R?to R? to a (simple) series of complex coefficientsO

0! Attention Il We lose something (the function outside D) (we will come
back to this
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DEFINITION OF FIELD HARMONICS Iq‘lg

| n#l

B,(x,y)+iB,(x,y)=" Cn(x+iy) =C +C (x+iy)+.. (x,»)! D

n=1

o Each coefficient carresponds to & OpureO multipolar field

Quadrupole 1 (®) = I, cos 2¢ Sextupolel {®)=1ocos 3¢

e : % +--—
e 77;:\:@

Adipole A quadrupole A sextupole
[from P. Schmuser et al, pg. 50]

Dipole1 (®)=1,cos ¢

o Magnets usually aim at generating a single multipole
ot Dipole, quadrupole, sextupole, octupole, decapole, dodecapole E

o0 Combined magnets: provide more components at the same time (for
Instance dipole and quadrupole ) B more common in low energy
rings, resistive magnets b one superconducting example: JPARC
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| n#l

|3y(x,y)+i|_3,x(x,y):li Cn(x+iy) =C, +C (x+iy)+... (x,v)! D

n=1

o The field can be described by in infinite number of complex coefficients
o This means a double infinite number of real numbers

o We made a huge simplification in the description of the magnetic field

o But the story is not ended E

o The series is converging quite rapidly so if you stop at order ten the
precision is good enough B only 20 numbers B we will see this in this unit

o For the optimization of the layout of a magnet, there are symmetries
that set to zero many of thesemultipoles
o An optimization problem (coil layout in blocks) involves only about 5 numbers !
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DEFINITION OF FIELD HARMONICS Iﬁ”l.g
QiVA)

n'l " n'l

B, (X, y) +iB,(X, Y) =# C.(x+y) =# (B, +iA)x+iy)

n=1 n=1

o' The field harmonics are rewritten as

n-1

, _ = , X+1i
B, +iB, =10 4312(1;” via )| 2
n= Rref
ot We factorize the main component (B, for dipoles, B,for quadrupoles)

o We Introduce a reference radius R, .. to have dimensionless
coefficients

o We factorize 10“ since the deviations from ideal field in
superconducting magnets for particle accelerators have to be" 0.01%

o' The coefficientsb,, a, are called normalized multipoles
o b, are thenormal, a, are the skew (adimensional)

ref
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DEFINITION OF FIELD HARMONICS

n-1
X+ ly

B, +iB, = 10-4312 (b, +ia,)
n= ref

o Reference radius is usually chosen as 2/3 of
the aperture radius

o This is done to have numbers for the multipoles

that are not too far from 1
o Some wrong ideas about reference radius '
ot Wrong statement 1: Othe expansion is valid up
to the reference radiusO +

Is as choosing meters of mm

o The reference radius has no physical meaning it | \)
o¢ We will come back on the validity limit
ot Wrong statement 2: Othe expansion is done )

around the reference radiusO

ot A power series is around a point, not around a

circle. The expansion is around the origin
E. Todesco, USPAS D June 2022
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FIELD OF A CURRENT LINE

o' Field given by a current line ( Biot-Savart law)
o Differential form (international system)

u, [ xdr

o Infinite current line EZlix Savart

; ; ; ; French
o A factor two is given by the atan integration (June 30, 1791-March 16, 1841

dB(7F) =

= U I x7 T
B(r)_ﬁwz I‘\

o Field in a centre of a circular loop, radius r

‘LLOI JeanBaptiste Biot,
= — French
2r (April 21, 1774 BFebruary 3, 1862)
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o About the constant EZlix Savart

o Itis terribly small E  p,=4#' 107 $m/A (une 30, 1761 tarch 16, 1841
o' This means that with 1 A at 1 m you get less than 1uT
o This is why to make few T you need MA turns

JeanBaptiste Biot,
French
(April 21, 1774 BFebruary 3, 1862)
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FIELD OF A CURRENT LINE: COMPLEX

NOTATION

o' Field given by a current line ( Biot-Savart law)
o Infinite current line

= I x7
B =X
Myl Y= 27 ’I"‘
Bx (xa y) - B 2 PR
T (x=x, ) +(y =)
B, (x,y) = bl i—xo > y Zo=XoHY o
2 (x_xo) +(y_y0) .
o¢ Complex notation N 4 ot Savat
I (x=x,)=i(y=,) LN L , French |
B,(x,) +iB.(x,7) - /;0 %)y =n) TN x| (June 30, 1791-March 16, 1841
Jr(x—xo) +(y_y0) Z=x+Hy
o Using the relation
a-1ib a-ib 1

@ +b* (a+ib)(a-ib) (a+ib)

ot We obtain the compact very useful notation

Ul
27(z - z,)

Jean-Baptiste Biot,
French
(April 21, 1774 B February 3, 1862)

B(z) =
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N/

C\E?W ANOTHER DISGRESSION ON TAYLOR SER !s‘”lg
QiVA)

o In Unit 1 we saw that, for %1 one can write
(1+¢&)* =1+ aes +0(e%)

o This is an extremely useful equation

o Example: 1/(1+0.1) =1/1.1=0.90909 but using the
approximation(1+0.1)1=1-0.1+0(0.01)=0.9 and | neglect something that is
order of 0.01

o Now for a=-1 the whole series can be written

i:1+t+t2+t3+...:l "
o Example 1#t ‘L
1 — 1 p—
11'1/2 1/2
1 1 "1% "1%

——=1+—+$" +$' +..=1+0.5+0.25+0.125+...=1.875+0O(0.06
11'1/2 2 %@& %ﬁi& (600
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C\E?W FIELD HARMONICS OF A CURRENT LINE Iﬂ‘ ]

N/

o' Field given by a current line ( Biot-Savart law)

B(2) =B,(2) +iB,(2) ’ Z‘f__ff(’”y‘)
B=B,+B,
B(2) =—; o - Ifl o1 ~ -
2"(zl ) 274, 2 N
ZO Z=x+iy i ‘
using FZlix Savart,
French

(June 30, 1791-March 16, 1841

L P RC I R t|<2m

1#1 =1
we get
., n#l . n#l gl
B(2) =#-Fo.| )£§ gy Mo ) ) Re )X+'y§ |
2*20 |.1:1( ZO Y% 2* n—l( ZO ( Rref % Jean-Baptiste Biot,

French
(April 21, 1774 B February 3, 1862)
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C\E?‘W FIELD HARMONICS OF A CURRENT LINE Isul.&

ot Now we can compute the multipoles of a current line at z

n#l

g Moy )2& Uy )R )x+iy§#l |
B(z)=#-—""-21| T = 0 | . X+1y| <
A= o, azl(zoéjo Z (% §;o( Ret B <l

n-1

B, +iB, =1o-4312 (b, + ian)[xR+ Y )

ref 1.6

1.4

32

\ ’

Ibrtian!
o -
oo R N

[ ]

" 0.6 °

i 0.4 - .
b, +ia, =! IﬂOlOAl?/j”? 0.2- “e.
2(2,B, 82, # 0 "t eeeey
0 5 10 15

Multipole order r
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FIELD HARMONICS DECAY I L
J

QiVA\

OF A CURRENT LINE

o Multipoles given by a current line decay with the order

10 1
I 104| $n!1 1] *.
(%B &7 # 5 o
| . g | $ 0.01 '..
|11 10 R .
In(‘bn+ian):ln#‘ H &+nlnﬁ LA 0.001 . . .
2! Rref Bléo ‘Zo‘é 0 Mu5Itip0Ie or&grr o

o' The slope of thedecay is the logarithm of (R../|z ()

o At each order, the multipole decreases by a factoiR,/|z |

o' The decay of themultipoles tells you the ratio R./|z (|, i.e. where
IS the coil w.r.t. the reference radius b

o like a radar E one can detect assembly errors in the magnet

through slope of the decay of the anomalies of the magnetic field

shape (we will come back to this)
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FIELD HARMONICS DECAY IS”[S
S I

OF A CURRENT LINE

o Multipoles given by a current line decay with the order

10 -
o =1 110" Ry $ 1t
b, +ia, =! —>—8k—u F Ce
T 2B & 3o
| !M'u104$ !Rr $ 0.01- '...
In(‘bn+|an‘)=ln#2! Roref Blfé:nln%zjg o001 ; —
Multipole order r

o The semilog scaleis the natural way to plot multipoles
o' This is the point of view of Biot-Savart

o But usually specifications are on a linear scale
o In general, multipoles must stay below one or a fraction of units b see later
o This explains why only low order multipoles , in general, are relevant
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C\E?W VALIDITY LIMITS OF FIELD HARMONICS Isl ]

N/

o When we expand a function in a power series we lose

something

l " y
=1+t +tP i+ ™ t| <1
1#t 1
oo Example 1. In t=1/2, the function is

1 _ 1 _p : ———r
111/2 1/2
and using the series one has

1+ = +§‘H¢2+§4Fg .=1+0.5+0.25+0.125=1.875+...
2 R" oR

not bad E with 4 terms we compute the function within 7%
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C\E/RW VALIDITY LIMITS OF FIELD HARMONICS Iﬂ’ ]

N/

o When we expand a function in a power series we lose

something

1 . y
=1+t L= ™ <]
1#t =
o EX. 2. In t=1, the function is infinite

L1, | T
1"1 0
and using the series one has

1+1+(1F + (1) +...=1+1+1+1+...

which diverges E this makes sense
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C\E?W VALIDITY LIMITS OF FIELD HARMONICS Isl ]

N/

o When we expand a function in a power series we lose
something

: y
o jetet e z] g t|<1
1#t -

o EX. 3. In t=-1, the function is well defined

11 | 3
1+1 2 k

BUT using the series one has

1+ D+( 2P +( 1 +...=11 1411 1+...

even Iif the function is well defined, the series does not work: we are
outside the convergence radius
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o' If we are very clever, we canresum a divergent series

. y
o jetet e z] g t|<1
1#t =
o EX. 4. Int=-2, the function is well defined
1 _1 + X
1+2 3
BUT using the series one has

1+(12)+(12) +(12) +..=11 2441 8+..

If | am able to recognize this, | canresum 1-2+4-8 + E = 1/3

This happens if you made an expansion to solve a problem and you are using it
outside the series validity limits b there are several type of divergent series and ways

to renormalize, remove singularities, etc - this is just one type
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C\E?W VALIDITY LIMITS OF FIELD HARMONICS Is” ]

o' If we have a circular aperture, the field harmonics
expansion relative to the center isvalid within the aperture

| [

o For other shapes, the expansion is valid overa circle that
touches the closest current line

o DonOt usenultipoles to compute the field in the coil !!
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o Field harmonics in the heads
ot Harmonic measurements are done with rotating coils of a given

length (see unit 21)D they giveintegral values over that length

o If the rotating coil extremes are in a region where the field does not
vary with z, one can use the 2d harmonic expansion for the integral

2d field harmonic

J L

—
length (m]

B (T)

B (T)

2d field harmonic

AN

J

length (m]

o If the rotating coil extremes are in a region where the field vary with z,

one cannot use the 2d harmonic expansion for the integral

i

ot One has to use a more
complicated expansion

E. Todesco, USPAS P June 2022

B (T)

no 2d field harmonics

S

length (m]
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FIRST APPLICATION: VERIFICATION OF A

MEASUREMENT SYSTEM

o The decay of multipoles is a powerful tool to verify the
consistency of a magnetic measurement

o' Let us take a measure of a magnetic field of a magnet via rotating
colls
o' Let us assume we haveN consecutive measurements along the
magnet axis
o b, (k), a(k) k=1, 2, N
ot We compute the standard deviation of each multipole and we plot in
a semilog scale
o If the measurement is well done and
reference radius is 2/3 of the aperture ..
the slope is 2/3 > .
o This means that the stdev of every successive 0.011 .
multipole is 2/3 the previous one 0.001 . .
0 5 10 15

o Every two orders you reduce by a factor two Multipole order r

What is expected asmultipole decay
E. Todesco, USPAS D June 2022 Unit 3 - 29
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SECOND APPLICATION: VERIFICATION

OF A MEASUREMENT SYSTEM

ot E and this is a real example from the HL_LHC triplet
o' Not only we check that the measurement is ok E
o' E but the place where the line starts getting horizontal is the precision

of the measurement system B here we have a precision of Ifunits, that
means 108 of the main field (0.01 ppm)

1.E+01
1.E+00
1.E-01
1.E-02
1.E-03
1.E-04
1.E-05
1.E-06

* b (normal)

A a (skew)

. Precision
222,04 22 o “x::x <

Standard deviation of multipoles

0 5 10 IS5 20 25 30 35 40 45
Multipole order

Decay of standard deviation of multipoles measured in different sections of MQXFB quadrupole
E. Todesco, USPAS B June 2022 (L. Fiscarelli, P.Rogacki) Unit 3 - 30



THIRD APPLICATION:

FINDING ASSEMBLY ERRORS

o Another example: we have a localized assembly error

o We have four measurements, one of them is affected by the error

o We compute the difference between the anomaly (measurements 2) and
the average of 1, 3, and 4

ot We put the result in semilog scale

o The slope multiplied by the reference radius will give the distance of the
assembly error

o If error is far from the aperture, slope is larger (decay is more rapid, that
means it will be visible only on low order multipoles

2d field harmonic 10 -
i [ ]
- 1
= 3
m * £ 0l
B N N S 0.017
|
0.001 T T .
length (M’ 0 5 10 15
Multipole order r
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o Main component of the dipoles (field)
o This is ensuring the orbit along the ring
o Typically a absolute knowledge of the magnetic field within 0.1%
o A spread between magnets of the order of 0.1%
o A reproducibility of the order of 0.01%

ot We will see that the tolerances needed for building superconducting
magnets naturally guarantee these levels

o' Cables are positioned within 0.05 mm, apertures of the order of 25 mm,
this gives 0.2% error in field, and similar values for spread

o For reproducibility it is critical to cycle the magnets
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o Main component of the quadrupoles (gradient)
o' The tune has to be controlled within 0.001

o' Tune is proportional to quadrupole main component

o If the total tune is large (for instance 60 in the LHC) even 0.01%
variation of quadrupole force is visible

o Corrector elements and feedback solve the problem B magnets alone
cannot reach this level

o' In general a absolute knowledge of quadrupole main component
within 0.2% is achievable, a spread of 0.1%, and a reproducibility of
0.01%

o Note that accelerators with larger number of cells (larger tune) become
more difficult
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o Sextupolar components

o Sextupole gives chromaticity D to be controlled on a edge of a cliff
(positive but smaller than 10, negative values make the beam
unstable)

o' Dipoles have sextupolar components that needs to be controlled
within 0.1 units (normalized multipoles)

o. Example: in the LHC 1 units of b, in the dipoles give 40 chromaticity
units B so one need to know and control b, within 0.05 units,

o' This is within reach of measurement systems, and with proper
precycling reproducibility can be guaranteed
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o High order mutipoles

o Rule of thumb (just to give a zero order idea): field harmonics have
to be of the order of 0.1 to 1 unit

o Higher order are ignored in beam dynamics codes (in LHC up to order
11 only)

o Note that spec is rather flat, but multipoles are decaying !! b Therefore in
principle higher orders cannot be a problem

1.6
1.4~
1.2 4

Ihtian!

0.8 -
061 e « T
0.4 [}

0.2 - °.

0 5 10 15
Multipole order r
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SUMMARY Isulg
<) |

o We outlined the Maxwell equations for the magnetic field
o' They give a large constraint on the shape of the magnetic field
'B. !B, B lE

#'B=""+—+ =0  #"B=p I+ 4 —
I x ly |z I't

o We have seen that for a long magnet we can express the
transverse field inside the aperture with a series of
multipoles n-1

B, +iB, =1O‘4B12(bn ¥ ian)(x+ly )
n= Rref

oo Compact way of representing the field
o Biot-Savart: multipoles decay with multipole order as apower law
o Attention !! Validity limits and convergence domains
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SUMMARY Is” ]
<) |

o We have seen how magnetic field is generated by a current
line

E(F)=ﬁ1xr
27

o We have seen thaty is terribly small, making our work very
challenging
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SUMMARY Isu ]
<) |

o We have computed the multipoles of a current line

- . u I x7
B(F)=— ’2

—4

27 »

’r
ot Using complex numbers it is quite fast E

B(z) Hol

B 27(z - z,)

ot Eas long as you know that in a certain region (inside the magnet
aperture, far from current lines)

i:1+t+t2+t3+...:l e
1#t "
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SUMMARY

o We have computed the multipoles of a current line
u, I x7

et

o Multipoles of a current line decay as a power law

n'1

: I,L1104ﬁef$
bn+|an:! 0 0% "
2(2,B, £, #

o Therefore:

o Increasing order they become so small that you can neglect them and
stop the computation (order 10 to 15)

o Magnet specification are until order 10-15
o' Magnet optimization can stop at order 10-15

o The measurement of field anomalies tell you where is the problem (the

distance, the angle is more complicated)
E. Todesco, USPAS D June 2022 Unit 3 - 40



COMING SOON Is, ]
QiVA)

o Coming soon E

o It is useful to have magnets that provide pure field harmonics

ot How to build a pure field harmonic (dipole, quadrupole E) [pure
enough for the beam E] with a cable ? Which field/gradient can be

obtained ?
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DEFINITION OF FIELD HARMONICS Is{g
QiVA)

o Vector potential
o Since " 'B=0 one caalways define a vector potential A such that

"1 A=B

ot The vector potential is not uniqgue (gauge invariance): if we add the
gradient of any scalar function, A'= A+! f it still satisfies

|1} ! A|:|| ! A+ll ! ||f :ll ! A:B
o Scalar potential
o' In the regions free of charge and magnetic material " ! B=0

Therefore in this case one camlso define a scalar potential (such as
for gravity) _ Vg=B

o One can prove that A+1ig is an analytic function in a
region free of charge and magnetic material
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C\@ FIELD HARMONICS OF A CURRENT LINE IS‘&

o' Field given by a current line ( Biot-Savart law) B vector
potential formalism E

| )
B# — " IAZ Br _ E a'A\Z B:\By+iBX “
_ to %J (C+(% 2(o(cos ' ), )f*
AL = s = : - _
y

zo= 0exp(i o)

E and polar coordinates formalism
Hl )+ §L | B

# | '—3& sinn(*#~* NG .

2, 0 ;1=1( 74 9% [ ( ° )] \ X

BVINEES 5
B, =# | T—3F cogn(*#*
2t i 7 qn(*#*, )]

E. Todesco, USPAS P June 2022
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=Cl +CII ! Cl +Cll

Ly AR

ap ap

o Linearity of coefficients (very important)
ot Non-normalized coefficients are additive
ot Normalized coefficients are not additive
C,_C.,+C,, C,.C, _
C,= +-N=c +C
B, B+B B B
ot Normalization gives handy (and physical) quantities, but some
drawbacks bpay attention !!
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